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1 Introduction 

c3 ■ 

For fixed positive integer d and <i-tuple of positive integers (si, . . . , sa) with si > 1, the 
multiple zeta value C( s i; Sd) is defined by 



O 



o 



c( S i,..., Sd )= £ fcr-'-c (i) 

fci>— >fc d >0 



where d is called the dep£/i and si + • • • + Sd the weight. The double zeta values were 
studied by Euler pQ who derived many identities such as follows: 



2n-l 



from which we can easily get (see [21 Theorem 1]) 

n-l 



^C(2A;,2n-2A;) = ^C(2n). (2) 
fc=i 

X- 

Using the stuffle relation C(2A;)C(2n - 2ib) = C(2&, 2n - 2Ar) + C(2n - 2ib, 2ife) + C(2n) we 
see immediately 

^ C(2A;)C(2n - 2k) = C(2n). (3) 

fc=i 

Recently, Hoffman [3] extended ([2j) to arbitrary depths. Moreover, similar formulas 
have been obtained for some special type Hurwitz-zeta values [I] and alternating Euler 
sums |5j. In this paper we consider the following restricted sum of multiple zeta values 



Q(4n,d)= C(4ji,...,4j d ). 



jiH h?'d=n 

J'i,...,j'd>0 



Our main theorem is 
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Theorem 1.1. For any positive integers n > d > 3, 

*f|!^sFrr)(?)(«.-«.^>-«).- 

Remark 1.2. For d = 2, it's easy to prove by stuffle relation that 

1 — 1 

Q(4n, 2) = - C(4^)C(4n - 4fc) - — C(4n) 

fe=i 

for n > 2. However, it is an intriguing problem to find a compact formula similar to fl3]). 
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2 The generating function of Q(4n, d) 

Recall that the symmetric function of the infinitely many variables X\,X2, - ■ ■ form a 
subring Sym of Q[xi, X2, ■ • • ] which is invariant under all the permutations of the vari- 
ables. Let Cj = Ylki<-<k • • • Xk j ^ e the j-th elementary function. Following Hoffman 
[3] let's consider its generating function 

OO CO 

E(t) = l[(l + tx 3 ) = Y,e^ 

3=1 3=0 

and define e : Sym — > R to be the evaluation map such that e(xj) = — . Let 

00 

F{s, t) = Y[{1 + tsxj + ts 2 x) + •••)■ 
j'=i 

Then it is not hard to see that the generating function of Q(4n, d) is given by 

00 

e(F(s,t)) = ^Q{An,d)t d s n . 

n=0 

First we need the following lemma. 
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Lemma 2.1. We have 



£ r F r s f \\ = sin7r^s(l -t) ■ sinh tt{/s(1 - t) 
y/l — tsmntfs ■ smhir-^/s 



Proof. We have 



OO OO s v 

n(i+^+^ 2 +--o=n( i+t r^) 

i=i i=i v j/ 

II£ i(l - s(l - _ - *)) 



n£i(i-*Ti) ^ho ' 

Further, 

£(B (- t) ) = g (i - y = fl (i - ^) (i + ^) = 

The lemma follows immediately. □ 

Let /(x) = sinx • sinhx/(2x 2 ). The following lemma provides its series expansion. 
Lemma 2.2. We have 

00 (— 1)*4 A 
/(x) = g(4^)f 4fc - 

Proof. Using the well-known formula sinx = (e lx — e~ tx )/(2i) we obtain 



/(*) 



2 2ix 2x 

e (i+l)x _|_ g— _ (Ji-Vjx _|_ g -(i— l)a;\ 



1 />^ (22)"x 2 " >^ (-2i) n x 2 n 

lix 2 (2n)\ 2-*> (2n)\ 

\n=0 v ' n=0 v ' 

00 ' .i)*4* 



E 



,„(«+ 2)! 



x 4k 



as desired. □ 



3 Proof of Theorem 11.1 

Let g(t) = f {</!). Then 



gWz^) = e(1 w t)) = J_ f (- 1 )* 4 * s * ( i - 1) 
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Write 



g(*(l-*)) 



d=0 



By the above expression, we have 

G d (s) 



g(s)d\ 



D d g(s), 



where D d denotes the d-th derivative with respect to s. Set 

G d (s) = X d (s)$Gcot $~s + r d (s)^coth jfe + Z d (s) cot ^coth $s + W d {s) 
which yields easily 

(-l) s D d g(s) 



(4) 



d\ 



X d (s)s d 4 cos s* sinh s 4 + Y d (s)s d 4 sins 4 cosh s 4 

— H— - - - / — H— - - - 

+ Z d (s)s 2 coss 4 coshs 4 + W d (s)s 2 s ins 4 sinhs 4 . 



To determine the coefficients X d (s),Y d (s), Z d (s) and W d (s) we differentiate the both 
sides of the above equation to get the following system of recursive differential equations 

' (d+l)X d+1 (s) = -sX' d (s) + (d+ \)x d (s) - \z d {s) - hv d (s), 
(d + l)Y d+l (s) = -sY^(s) +{d + i)y d ( a ) + \z d { s ) - -W d (s), 
(d+l)Z d+1 (s) = -^X d (s) - y^Y d (s) - sZ' d (s) + (d+±)z d (s), 
k (d + l)W d+1 (s) = ^X d (s) - ^F d (s) + (d + 1) W d ( a ) - sWfta), 

with the initial conditions X (s) = Vo( s ) — ^o( s ) — an d Wo( s ) = 1- Let = 
X d {u 2 ),y d (u) = Y d (u 2 ),z d (u) = Z d (u 2 ) and = W d (u 2 ). The above system is 

changed into the following system: 

u ( 1\ 1 1 

(d + l)x d+l (u) = --x' d (u) + [d + -)x d (u) - -z d (u) - -w d {u), 

(d + l)y d+ i(u) = -^y' d (u) + (d + ^jy d {u) + ^z d (u) - ^w d {u), 
\xd{u) - ^y d (u) - ^z d (u) + (d + ^jz d (u), 



(5) 



(d+l)z d+1 (u) 



(d + l)w d+1 (u) = ^x d (u) - ^y d (u) + (d + ^jw d (u) - ^w' d (u). 
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Define 



a(u, v) 


= ^x d (u)v d = 

d>0 


d>0 


0{u,v) 


= ^y d {u)v d = 

d>0 


^Vd{v)u d , 

d>0 


< 

j(u,v) 


d>0 


d>0 


S(u, v) 


= s ^ Wd {u)v d = 

d>0 


-- ^w d {v)u d 

d>0 



Multiplying the system (jSJ) by v d and then taking the sum J2d>o we § e ^ : 



(da da 1 uda 1 1 
dv =V dv + 4 a ~ 2du ~ 4 7 ~ 4 ' 

d A = d A + Ir-^A + I _Ia 
0u 4 P 2fti 4 7 4' 

c?7 87 1 ud-y u u 

=V fo + 2 7 ~ 2 ~ 4° ~ 4^' 
95 95 1 u 35 u u 



(6) 



(7) 



Comparing the coefficients of u n we get 

1 n 1 1 

1 n _ 1 1 

=U#» + -y„(f) - 2^n(^) + ^ n (t>) - -W n (v), 

In 1 1 

Ki( v ) =Vz' n (v) + -Z n (v) - -Z n (v) - -5 n _i(«) - ~|/n-l00> 

1 n ^ 1 1 

<0) =VW n (v) + T^niv) - -W n (v) + -X n -l(v) - -y n -l(v), 

By definition (j6j), we see that the system has the following initial values: x n (0) = 
0, y n (0) = 0, z n (0) = for all n > and w n (0) = for all n > 1. But for u)o(f ) we have 
from 05]) 

2d - 1 



^o(O) 



w d (0) 



2d 



-w d _i(0) W>1. 



It follows that w d (0) = ( 2 ^) /2 2d which yields easily 

w (v) = ^2w d (0)v d = (1 



d>0 



Similarly we see that zq(v) = 0. Solving ([7]) recursively starting from the first two 
equations in (J7J) we find the following functions are the unique solution satisfying the 
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initial conditions: 



Thus 



x„\v 



y n {v) 



Z r ,[V) 



^ 2 n(_l)L^J+i 



i=o 

2n+l 



j!(2n + l-j)! 



j=0 



j\(2n + l-j)\ 



(i-(-ir)E 



2n „ n _ 1/ r_ 1 ^n=l +J - 



3=0 
In 



j\(2n-j)\ 



^) = (i+(-inE 



2 n-l(_l)f+i / ^ 



j!(2n-j)! 



■(!-«)■ 



Using ([6]) we can solve x n (v),y n (v), z n (v) and u> n (t>) and get 



L^J 2n+l 



yd(u) = E E 

n=0 j=0 
2L^J+1 2n 

= E Ea-c- 1 ) 

n=0 j=0 
2Lf J 2n 

«*(«) = ££(!+(-!) 

n=0 j=0 



(2ra + 1)! 
2«(-l)l 



n=0 j'=0 



(2n + l)! V 3 



d 



u 



u 



(2n)! VJ-JUJ ' 



2»-i(-i)f+J+^ / 2 rA 
(2^0! liiU 



u" 



YJs) 



Z,(s) 



d-l 
L^-J 2ra+l 



*-(*) = E E 



2"(-l)L 2 J a J+i-W/2n + l\ » 



n=0 j=0 
I d — 1 l 

L— J 2n+l 



(2n+l)! V J 



(2n + l)! V J 



d 



2 "(_i)L^J+i+d / 2n + i\ /i=? 



n=0 i=0 



EE 

n=0 j=0 

4n^2 22n+1( _ 1)n+j+ , ^ + ^ ^ 

n=0 j=0 

LfJ 4n 

, v-" ; — i i " •' 1 " / i a \ / i 



s 2 i 



S2 ; 



(4rz + 2)! V J 



4 | s n+l/2. 

d 



(4n)\ \j J \ d 
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By the well-known formulas 

n=0 n=0 

we obtain 

n=0 n=0 

and 

fc=0 m+l=k k=0 m+l=2k 

Here by exchanging m and / we notice that the inner sum vanishes if k is odd. Hence 
the coefficient of s n in Gd(7r 4 s) is 

L^J 2fc+l 



lC(4n- 2k)n 2k 



L— J 4fc+2 9 2fe+l/_i //ti. , o\ / j-2 



fe=0 j=0 

■ / \ 



+ h h ( 4fc + 2 ) ! V 3 )\d) 



k=0 j=0 



Y, (-l) m C(2m)C(2/) 

m,Z>0, / 
\m+Z=2n-2/c / 



^4fe 
7T 



since Hd(s) has degree less than n. Observe that the first two lines are the same and 
for any positive integer w 

w—1 2w—l 

(-l) m C(2mR(2Z) =2 Y C(40C(4w ~ ^) ~ Y C(2Z)C(4^ - 2/) - C(4 W ) 



m,Z>0, Z=l 1=1 

m+l=2w 

=4Q(4w, 2) + (2w - 3)C(4 W ) - ^±ic(4w) 
=4Q(4w,2)- 7 -(^w) 

by stuffle relation C(4m)C(4Z) = C(4m,4Z) + ((4/, 4m) + ((Am + 4/) and equation (EJ. 
Therefore we finally get 

L— J 2fc+l 



Q(4 „, „ . 4 g I (* + i) (|) c(4n _ ^ 

^f? 2! ^( tt ; a )(f)(^-^->-- ) )'*- 
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This concludes the proof of Theorem 11.11 and this paper. 
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